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Abstract
Although transverse-mass scaling of femtoscopic radii is found to hold to a
good approximation in heavy-ion collision experiments, it is seen to fail for
high-energy proton-proton collisions. It is shown that if invariant radius pa-
rameters are plotted versus the transverse velocity instead, scaling with the
transverse velocity is seen in
√
s = 7 TeV proton-proton experiments. A sim-
ple semi-classical model is shown to qualitatively reproduce this transverse
velocity scaling.
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1. Introduction
A common feature seen in identical-particle high-energy heavy-ion colli-
sion femtoscopy experiments is transverse-mass scaling, i.e. “mT scaling”,
of the extracted radius parameters [1, 2], where mT =
√
k2T +m
2
0
, kT is the
average momentum of the particle pair, i.e. kT = |−→pa +−→pb | /2, and m0 is the
particle rest mass. Transverse-mass scaling manifests itself when plotting
radius parameters extracted from identical-particle pairs of various masses
from the same colliding system versus mT , and observing that the downward
trend of the radius parameters with increasing mT does not depend on the
particle mass. A good example of this for the case of one-dimensional fem-
toscopy where the invariant radius parameter is extracted is seen in Fig. 8 of
Ref. [1]. This figure plots invariant radius parameters versus mT for identical
pion, kaon and proton pairs extracted in Pb–Pb collisions at
√
sNN = 2.76
TeV from the ALICE experiment. As seen in this figure, mT scaling for
the invariant radius parameters holds to a good approximation for all of the
measured collision centralities. This dependence is normally explained as
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a signature of radial flow in these collisions, which can be reproduced by
various models [2, 3].
The situation is seen to be different in high-energy proton-proton colli-
sions. Femtoscopic experiments can show a similar downward trend of the
extracted radius parameters with increasing mT for a single-mass particle
pair in high-multiplicity charged-particle collisions, but the mT scaling seen
in heavy-ion experiments when plotting the radius versus mT for several
masses is not seen. Figure 1 shows an example of this lack of mT scaling.
The figure shows experimental invariant radius parameters versus the av-
erage mT in that bin for various charged-particle multiplicity (Nch) ranges
extracted from one-dimensional femtoscopic charged pion, charged kaon and
neutral kaon analyses in
√
s = 7 TeV proton-proton collisions by the ALICE
experiment [4, 5] (This is a reproduction of Fig. 4 in Ref. [5]). As seen in
the figure, for the higher multiplicity ranges, Nch 12− 22 and Nch > 22, the
invariant radius parameter, Rinv, decreases for increasing mT individually for
the pion and kaon analyses, however there is no apparent scaling between the
pions and kaons with mT . A feature that is common to both pions and kaons
is the overall increase in Rinv with higher multiplicity, which is also seen in
heavy-ion collisions. This can be attributed to an increased volume of the
collision producing larger multiplicity and radii due to, for example, final-
state hadronic rescattering [6, 7, 8]. Another interesting feature seen in this
figure is the rising mT dependence of Rinv for the pions and charged kaons
in the lowest multiplicity range, Nch 1− 11, also not showing mT scaling.
So far there has been no satisfactory explanation in the literature for this
lack of mT scaling observed in femtoscopic invariant radius measurements in
high-energy proton-proton collisions. One can at least point out the differ-
ences between high-multiplicity pp collisions and central heavy-ion collisions
that might contribute to this difference in observed scaling. In central heavy-
ion collisions, particle production proceeds via many soft nucleon-nucleon
collisions creating thousands of particles, mostly pions, which then undergo
final-state rescattering that thermalizes the system and results in radial flow.
If the scattering cross sections of different particle species are averaged-out in
this dense medium, then all particles should participate equally in the radial
flow and the source radii are expected to approximately follow a common
mT scaling for all particle species [2]. This situation is in contrast to particle
production in pp collisions which proceed through a single hard pp collision
that produces at most ∼ 40−50 particles. Even for these highest-multiplicity
pp collisions, significant collective effects of the same nature as heavy-ion col-
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Figure 1: Experimental invariant radius parameters versus transverse mass, mT , for var-
ious charged-particle multiplicity ranges (given by the numbers in the legend) extracted
from one-dimensional femtoscopic charged pion, charged kaon and neutral kaon analy-
ses in
√
s = 7 TeV proton-proton collisions by the ALICE experiment [4, 5]. This is a
reproduction of Fig. 4 in Ref. [5]. (color online)
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lisions would not be expected. Thus it is not surprising that mT scaling is
not experimentally observed in pp collisions.
The goal of the present work is to 1) show that a different scaling is seen
for proton-proton collisions and 2) develop a simple semi-classical model to
qualitatively reproduce this new scaling.
2. Transverse-velocity scaling
Figure 2 shows the data in Fig. 1 replotted versus the average transverse
velocity, βT , of the mT bin, where βT = kT/mT , and kT is the average value
in the mT bin. As seen, there now appears to be a scaling of Rinv on βT for
each charged multiplicity range, i.e. the dependance of Rinv is only on βT
and not on the particle mass within the uncertainties of the measurements.
At this point, the βT scaling is presented as empirical, i.e. there is no
theoretical guidance for why this scaling should work. In the next section
a simple semi-classical model is developed to try to describe this scaling.
Results from the model are then compared with the experimental results in
Fig. 2.
3. Description of a simple semi-classical model to describe the
transverse-velocity scaling
In this section, a simple semi-classical model is described which attempts
to mock up the βT scaling seen in the measurements in Fig. 2. In addition to
showing βT scaling between the pions and kaons, the model also should ac-
count for the different character of Rinv on βT seen for the lowest multiplicity
range, i.e. increasing Rinv with increasing βT for Nch 1− 11, and the higher
ranges, i.e. larger overall Rinv that does not vary much with βT forNch 12−22
and that is decreasing for increasing βT for Nch > 22. It will be assumed
that the higher multiplicity ranges are different from the lowest one due to 1)
longer meson hadronization times making Rinv larger, and 2) the presence of
a significant radial flow acting before hadronization which ultimately results
in the decreasing dependence of Rinv on βT for the highest multiplicity range.
It will be assumed that the additional energy stored in the radial flow is con-
verted to additional particle production upon hadronization, although this
is not explicitly addressed in this simple model. A Monte Carlo calculation
is used. After hadronization, pairs of charged particles, i.e. charged pion or
kaon pairs, are given a combined Bose-Einstein symmetrization and Coulomb
4
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Figure 2: Same data as in Fig. 1 replotted versus transverse velocity, βT . (color online)
5
interaction weight, and a one-dimensional correlation function in terms of
the invariant momentum difference is then formed. The radius parameter,
Rinv, is then extracted by fitting a Gaussian spacial model to the correlation
function, similar to what was done by the experiments that extracted the
Rinv values from data shown in Fig. 2. A more detailed description of this
calculation now follows.
The space-time point of the ith particle of rest mass m0i at hadroniza-
tion in the proton-proton collision frame (xi, yi, zi, ti) with energy-momentum
(pxi, pyi, pzi, Ei) is determined in the model by a Gaussian distribution for the
hadronization time of width σt, such that
dn
dti
∝ exp(− t
2
i
2σ2t
) (1)
xi = tiβrad,i cosφi yi = tiβrad,i sinφi zi = ti
pzi
Ei
(2)
βrad,i =
βi + βf
1 + βiβf
βi =
pT i
Ei
(3)
where pT i =
√
p2xi + p
2
yi, φi is the azimuthal angle of the i
th particle set
randomly between 0 − 2pi, and βf is the average radial flow velocity. The
quantity βrad,i is the relativistic sum of the radial flow velocity and transverse
particle velocity. The quantities σt and βf are free parameters to be adjusted
to get the best agreement with the measurements. The energy-momentum of
each particle is determined from fits of exponential distributions to ALICE
experimental pT distributions for charged pions and kaons from
√
s = 7
TeV proton-proton collisions [9], and from assuming a flat particle rapidity
distribution in the range of −1 < y < 1, which is close to the experimental
rapidity range used. The assumption of a flat rapidity distribution in this
rapidity range is seen from experimental measurements to be a reasonably
good approximation for both pions and kaons for pp collisions at
√
s = 7
TeV [10, 11].
Quantum statistics and the Coulomb interaction are imposed pair-wise
on charged boson pairs a and b by weighting them at their hadronization
phase-space points (−→ra , ta,−→pa , Ea) and (−→rb , tb,−→pb , Eb) with
Wab = G(η){1 + cos(∆−→r ·∆−→p −∆t∆E)} (4)
6
where,
∆−→r = −→ra −−→rb ∆−→p = −→pa −−→pb ∆t = ta − tb ∆E = Ea −Eb (5)
and where G(η) is the Gamow factor,
G(η) =
2piη
exp(2piη)− 1 η =
m0α
qinv
(6)
and qinv = |∆−→p | − |∆E| is the invariant momentum difference and α is
the fine structure constant. The correlation function, C(qinv), is formed by
binning pairs in terms of the invariant momentum difference as the ratio of
weighted pairs, N(qinv), to unweighted pairs, D(qinv),
C(qinv) =
N(qinv)
D(qinv)
(7)
Since a final-state Coulomb interaction, via the Gamow factor, is in the
model between boson pairs after hadronization to more closely mock up the
experimental conditions for the femtoscopic analysis, a Gaussian function
with the Gamow factor using the Bowler-Sinyukov equation [12, 13] is fitted
to Eq.7 to extract the boson source parameters which are compared with
experiment,
Cfit(qinv) = a{1− λ+ λG(η)[1 + exp(−q2invR2inv)]} (8)
where Rinv is the invariant radius parameter which, in principle, is related
to the size of the boson source, λ is a parameter that reflects the strength
of the quantum statistics effect as well as the degree to which the Gaussian
function fits to the correlation function, and a is an overall normalization pa-
rameter. Eq. 8 is the same function as used by ALICE to extract Rinv and λ
from quantum statistics in their measurements for the charged particle pairs,
except that instead of using the Gamow factor to account for the Coulomb
interaction they use a factor calculated from Coulomb waves. However, for
the small radius parameters that are extracted in these collisions, i.e. ∼ 1 fm,
the two methods of calculating Coulomb yield almost the same results [12].
4. Results and Discussion
Figure 3 shows sample correlation functions for charged pions and charged
kaons from the model calculated from Eq. 7. Fits of Eq. 8 to the model
7
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Figure 3: Sample correlation functions from
√
s = 7 TeV proton-proton collisions for
charged pions and charged kaons from the model using Eq. 7. Fits of Eq. 8 to the model
points are also shown. (color online)
points are also shown. As seen, the fits represent the model points reasonably
well.
Figure 4 shows the same experimental results as Fig. 2 with the model
calculations for Nch 1− 11, Nch 12− 22 and Nch > 22 overlaid as solid lines
for pions and dashed lines for kaons. Table 1 gives the values of the free
parameters σt and βf used in the calculations to adjust the model to best
agree with the measurements. The uncertainties in extracting σt and βf
are estimated to be ±0.1 fm/c and ±0.05, respectively. As seen, the model
calculations represent the trends of the measurements reasonably well, as well
as showing the βT scaling between the pions and kaons. It is also seen that
Rinv from the model sharply turns upward for βT → 1 for all multiplicity
ranges. This asymptotic-like behavior can be qualitatively understood by
expressing Rinv approximately in terms of the three-dimensional Gaussian
radii,
R2inv ≈ (R2long +R2side + γ2TR2out)/3 (9)
where Rlong is the radius in the z-direction, Rout is the transverse radius
in the radial direction, Rside is the transverse radius perpendicular to the
radial direction, and γT = 1/
√
1− β2T [2, 3]. From Eq. 9 it is seen that
Rinv is expected to increase asymptotically for βT → 1. The experimental
results for Nch 1−11 also clearly show this increase for βT → 1, although for
8
Parameter Nch range pipi K
chKch
σt (fm/c)
1− 11 0.5 0.7
12− 22 0.75 1.5
> 22 0.95 2.5
βf
1− 11 0 0
12− 22 0.70 0.70
> 22 0.95 0.90
Table 1: σt and βf parameters used in fitting the model to the Nch 1 − 11, Nch 12 − 22
and Nch > 22 data in Fig. 4. The uncertainties in σt and βf are estimated to be ±0.1
fm/c and ±0.05, respectively.
the higher multiplicity ranges this behavior is not obvious due to the larger
uncertainties in the measurements there.
Looking at Table 1, both extracted parameters are seen to systematically
increase with increasing multiplicity for both the pions and kaons. For the
Nch 1−11 model calculations, it is assumed that no radial flow is present and
thus βf was set to zero for both pions and kaons. The hadronization time
width, σt, is seen to be slightly larger for the kaons than for the pions, but
both are seen to be relatively small at 0.5 and 0.7 fm/c, respectively. The βf
values for the higher multiplicity ranges are also seen to be equal within the
uncertainties for the pions and kaons, suggesting that the pions and kaons
are experiencing the same radial-flow field for each multiplicity range.
For the Nch > 22 model calculations, very large values of βf for pions
and kaons of 0.95 and 0.90, respectively, are required to produce decreasing
Rinv values with increasing βT to agree with the measurements within the
experimental errors. The σt values are larger than for Nch 1 − 11 and Nch
12 − 22 and are significantly different between the pions and kaons at 0.95
fm/c and 2.5 fm/c, respectively, to reproduce the βT scaling at the highest
multiplicity. From the model point of view, the reason for the larger σt for
kaons is, due to their larger mass, the velocity of a kaon in the z-direction is
significantly smaller than for the average velocity of pions, resulting in the
size of the source in the z-direction being smaller for kaons than pions for
equal values of σt. This can be seen in Eq. 2. This has a significant effect
on Rinv since it represents a combination of sizes in both the radial and the
z-direction, as seen in Eq. 9.
This model is clearly a “toy model” since it is based on geometry, particle
kinematics and several ad hoc assumptions about the proton-proton collision
9
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Figure 4: Same as Fig. 2 with model calculations, shown as solid and dashed lines for
pions and kaons, respectively, overlaid over the experimental points. (color online)
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and hadronization of the mesons. One could try to connect a more physi-
cal interpretation to it by assuming that the mesons are “quasi-particles” or
”di-quarks” before they hadronize. In this picture, when quasi-particles are
initially formed from the proton-proton collision, their momentum distribu-
tions are assumed to be similar to the momentum distributions measured in
experiments. In a low particle multiplicity environment, hadronization takes
place in a relatively short time, i.e. as in a Lund String Model picture used
in PYTHIA [14] and little or no radial flow will be present. In a high parti-
cle multiplicity environment, the quasi-particle finds itself in a quark-gluon
environment and it is assumed that a radial-flow field has been set up. The
radial flow velocity adds to the initial velocity of the quasi-particle and the
hadronization time is increased due to the extended quark-gluon environ-
ment. When hadronization finally occurs, it is assumed that the additional
energy stored in the radial flow is converted to additional particle production.
The hadronization time for a kaon might be expected to be longer than for
a pion due to its larger mass and requirement of a strange quark.
In spite of its limitations, the toy model seems to contain elements, i.e.
simple geometry and semi-classical particle trajectories, that allow βT scaling
to occur with the appropriate choice of free parameters. In addition, the
extracted values for σt and βf may shed some light on the hadronization
process in these collisions.
5. Summary
Although transverse-mass scaling of femtoscopic radii is found to hold to
a good approximation in heavy-ion collision experiments, it is seen to fail for
high-energy proton-proton collisions. It is shown that if invariant radius pa-
rameters are plotted versus the transverse velocity instead, scaling with the
transverse velocity is seen in
√
s = 7 TeV proton-proton experiments. A sim-
ple semi-classical model is shown to qualitatively reproduce this transverse
velocity scaling. The elements making up the simple model, i.e. geometry
and semi-classical particle trajectories, appear to be sufficient to allow the
βT scaling to occur with the appropriate choices of the free parameters in
the model. Clearly, it would be a good test for a more physically-motivated
and detailed model calculation to describe this scaling seen in proton-proton
femtoscopy experiments.
The author wishes to acknowledge financial support from the U.S. Na-
tional Science Foundation under grant PHY-1614835.
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